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In  this first paper we treat. the m t i o n  sf test  padicles 
i n  s t r o w  $1e~dGro~net%iC waves considwiw both plwe ad. 
spherics wavefronts, both d % h  a d  d t k s u t  rsGa%%ve reaction. 
Various l m t i n g  cases a re  ascussed. I d t i a l l y  low-energy 
w t i c l e s  dropped in to  a strong plane wave a re  accelerated i n  
the propagation direction up t o  an energy proportional t o  B 2 
while osciIlating with a "transverse energy" proportional. t o  B. 
Radiative ttlosses" paradoxically lead t o  an increase rather than 
a decrease i n  the t o t a l  energy of these ic les .  In  spherical 
waves par t ic les  injected very close t o  the source become "phase 
locked" with the driving wave and are  accelerated i n  the manner 
described i n  the authorsq ea r l i e r  work; par t ic les  injected further 
out f o U m  orbi t s  l i k e  c lass ica l  par t ic les  i n  a repulsive inverse 
cube force-field except tha t ,  f o r  certain classes of i n i t i a l  con- 
dit ions,  an essent ial ly  random energy r e a s t r i b u t i o n  (of l i a i t e d  
range) i s  possible. 
Charged p&icles of wbf t ra ry  i n i t i a l  energy will radiate 
strongly when injected in to  strong wave f ie lds .  The non-linear 
Conq?ton ( "NIC I' ) r a u a t i o n  so produced depends on par t ic le  energy 
and field-energy density l i ke ,  and has a spectrum l ike ,  synchro- 
tron radiation. It is suggested tha t  t h i s  m c  sm i s ,  i n  fact ,  
responsible fo r  the  radiation i n  astronodca-l. " synchrotron'' 
sources. 
The p w s i c a  processes elaborated here prodde  c 
converting r o t a t i o d  lrinetic energy of condensed bofies in to  f a s t  
par t ic les  and the  fiela i n  which these p t i c l e s  can rsdiate. 
Further work d U L  be needed t o  see i f  these processes are  operat- 
ing i n  any of the  ex t rwalac t ic  "nonthe " sources, but existi% 
obsemaLions and ca%culations in&cate tbt n v e  acceleration md 
NZC r a a % % o n  probably a re  occurring I n  the Crab Nebda. 
Further, we swgest %bt since wave aeeeleratisn of' fons i s  
Ukeby t o  o e c w  i n  the debris 0% yomg supernova r 
pdsws may be abbe t o  produce the  bulk o f  $he gdac$ic c o s d c  
rays, 
W widely  a c c e p t e d  c l a s s  of t h e o r i e s a  t r e a t s  p u l s a r s  a s  
r o t a t i n g  magnetized n e u t r o n  s t a r s ,  which a r e  remnants o f  
some common c a t e g o r y  o f  supernova e x p l o s i o n s .  The i n i t i a l  
r o t a t i o n a l  ene rgy  is  q u i t e  u n c e r t a i n  b u t  e s t i m a t e d  t o  b e  i n  
t h e  range  10 5 0 e 0  t o  T h i s  energy i s  s u f f i c i e n t l y  
l a r g e  and t h e  b i r t h  of  p u l s a r s  s u f f i c i e n t l y  f r e q u e n t  ( c f .  
Gunn and O s t r i k e r  1970,  "NP 111")  s o  t h a t  t h e  average  l u m i n o s i t y  
from p u l s a r s  i n  t h e  g a l a c t i c  p l a n e  - t o  Lo/pc 2 - 
may be c o m p e t i t i v e  w i t h  t h a t  from t h e  b u r n i n g  of  n u c l e a r  f u e l  
i n  s t a r s .  
S ince  t h e  obse rved  p u l s e d  l u m i n o s i t y  i s  a  t r i v i a l  f r a c t i o n  
of  t h e  t o t a l  p u l s a r  o u t p u t ,  it remains i m p o r t a n t  t o  s t u d y  t h e  
f i n a l  d i s p o s i t i o n  o f  t h i s  s i g n i f i c a n t  energy r e s o u r c e .  
I n  one s u b c l a s s  of  t h e  t h e o r i e s  mentioned ( c f .  P a c i n i  1968, 
and Gunn and O s t r i k e r  1969) t h e  magnet ic  and r o t a t i o n a l  axes  
a r e  assumed t o  b e  n o t  a l i g n e d  and energy i s  l o s t ,  i n  t h e  f i r s t  
i n s t a n c e ,  by t h e  e m i s s i o n  of  magnetic  ,d ipo le  r a d i a t i o n .  I f  
t h i s  p i c t u r e  i s  c o r r e c t ,  t h e n  t h e r e  a r e  e l e c t r o m a g n e t i c  wave 
f i e l d s  i n  t h e  e n v i r o n s  o f  p u l s a r s  of  ve ry  h i g h  i n t e n s i t y ,  low 
f requency ,  and l a r g e l y  unexplored p r o p e r t i e s .  S i n c e  t h e s e  
waves canno t  p r o p a g a t e  i n  t h e  i n t e r s t e l l a r  medium, t h e i r  
energy and momentum must u l t i m a t e l y  be  t r ans fo rmed  i n t o  h i g h e r  
f requency r a d i a t i o n  o r  p a r t i c l e  motions i n  o r d e r  t o  escape t h e  
p u l s a r s C  v i c i n i t y ,  
- 
1 See Gsldul ; ich  and JuLian (19691, O s t r i k e r  and Gunn (1969, ""NPI"") 
and blichel (1969) f o r  d e t a i l s  a.nd r e f e r e n c e s  t o  e a r l i e r  work, 
In this paper we will examine t h e  s i m p l e s t  r e l e v a n t  problem, 
to wit, the i n t e ~ t i o n  between charged t e s t  particles and a 
strong monachrsmatic wave field, APthsugh we w i l l  cons ider  
n e i t h e r  the  effect of particles on one another ,  nor t h e  back 
e f f e c t  of p a r t i c l e s  on t h e  wave, both  e f f e c t s  may be es t imated  
a f t e r  t h e  f a c t .  
The " s t r eng th"  of a  wave f i e l d  can be measured i n  terms 
of a  dimensionless  Loren tz - invar ian t   parameter,^, de f ined  i n  
terms of t h e  charge e  and mass m of a  t e s t  p a r t i c l e  (an 
e l e c t r o n ,  un less  o therwise  s p e c i f i e d ) ,  t h e  frequency of t h e  
wave, a ,  and t h e  maximum magnetic f i e l d  i n  t h e  wave, Bm : 
I n t e r s t e l l a r  s t a r l i g h t  has a  s t r e n g t h  parameter v - 1 0  - 1 4  
8 
and, even i n  t h e  c e n t e r  of h igh ly  evolved s t a r s  ( T  2 x  1 0  O K )  
v < I n  c o n t r a s t ,  v = lo1' i n  t h e  near  wave zone of t h e  
Crab p u l s a r  and may reach  values  of 1013 i n  t h e  e a r l y  h i s t o r y  
of such o b j e c t s . "  Various equ iva l en t  phys i ca l  i n t e r p r e t a t i o n s  
of t h i s  parameter a r e  p o s s i b l e .  It  r e p r e s e n t s  t h e  r a t i o  of t h e  
formal cyc lo t ron  frequency w o  3 eBm/mc i n  t h e  wave f i e l d  t o  
t h e  wave frequency,  and s o  may be thought  of a s  a  measure of 
whether t h e  p a r t i c l e  f e e l s  it i s  moving i n  a  n e a r l y  s t a t i c  
f i e l d  ( v  > >  1) o r  o s c i l l a t e s  i n  d i r e c t  response t o  f i e l d  
v a r i a t i o n s  (v < <  1) .  A l t e r n a t i v e l y ,  we s h a l l  s e e  t h a t  very 
l a r g e  o r  very smal l  v corresponds t o  u l t r a - r e l a t i v i s t i c  o r  
n o n - r e l a t i v i s t i c  motion of a p a r t i c l e  i n i t i a l l y  a t  r e s t .  
a 
For a g i v e n  p u l s a r  and a g i v e n  point in space v a a, b u t  at t h e  
2 
wave r a d i u s  (whish i s  a  func t ion  s f  R) v a . 
A f i r s t  problem, t o  f ind  the  motion of a "phase-locked" 
p a r t i c l e  i n j e c t e d  near t h e  center  of a s t rong spher i ca l  wave 
f i e l d ,  w a s  t r e a t e d  i n  Paper I and w i l l  be recovered here as 
a special case. In this paper we will consider arbitrarily 
strong (or weak) plane and spherical waves, find the basic 
motion, the radiative losses, and the effects of the radiative 
reaction on the basic motion. In the limit v + 0, the pr6blem 
degenerates into the classical Compton case. In contrast, we 
will find that the bremsstrahlung of particles in strong waves 
(v >> 1) bears closer resemblance to synchrotron emission than 
inverse Compton radiation. 
Although some remarks will be made here on the character 
of the radiated spectrum, a detailed discussion will be re- 
served for a subsequent paper. 
In Section I1 we treat the motion in stationary and slowly- 
changing plane waves; in Section I11 the effect of radiative 
reaction on the motion in a plane wave; and in Section IV we 
discuss the radiation itself. Section V considers various 
aspects of the motion of charged particles in spherical waves. 
We reserve for Section VI a summary and a discussion of the 
applications of the previous mathematical results to some 
situations of astrophysical interest. 
11, MOTION IN A PLANE WAVE 
The motion of  a  charged p a r t i c l e  i n  a  s t r o n g  p l a n e  wave 
has  been c o n s i d e r e d  by s e v e r a l  a u t h o r s ,  n o t a b l y  a s  an  exer -  
cise i n  Landau and L i f s c h i t z  C l a s s i c a l  Theory o f  F i e l d s  (1951) .  
W e  w i l l  rev iew t h e  problem b r i e f l y  h e r e  i n  a  s l i g h t l y  gener-  
a l i z e d  form t o  b r i n g  o u t  i t s  fundamental  f e a t u r e s  and t o  e s -  
t a b l i s h  t h e  u n i t s  and n o t a t i o n  w e  w i l l  u s e  th roughou t .  
Neg lec t ing  r a d i a t i v e  r e a c t i o n ,  t h e  f o u r  e q u a t i o n s  of 
motion can be  w r i t t e n  
and r n c k = e u l .  d~ E .  - 
Here t h e  p r o p a g a t i o n  d i r e c t i o n  i s  t a k e n  t o  be  +g s o  t h a t  E ,  B,  
- - 
and u l  a r e  2 -vec to r s  i n  t h e  x-y p l a n e .  The q u a n t i t i e s  
- 
( ~ 1  , u y) a r e  t h e  d imens ion less  components of  t h e  f o u r  
z  ' 
- 
-1 - 
v e l o c i t y  (c  'dx/dr, c dy/dr , c  ' d z / d ~ ,  d t / d c )  and T t h e  
p r o p e r  t ime .  We w i l l  f u r t h e r  choose t h e  x and y axes  t o  b e  
a l i g n e d  w i t h  t h e  p r i n c i p a l  p o l a r i z a t i o n  axes  s o  t h a t  
E cos  (t-z/c), E s i n  (t-z/cl] 
xo Y Q  
We i n t roduce  dimensionless variables 
a ,  E a / < = n t  
v z Ee/rricR, x r Q ( t - z / c )  , 
- .., 
and,  n o t i n g  t h a t  I v /  i s  j u s t  t h e  n o n l i n e a r i t y  pa ramete r  (1) 
.v 
w e  rewrite ( 2 )  
-L 
- =  
dl? (y- u c )  v (XI I - 
du 
- -  - -  
dl? 
c -  dy - u L 0 v ( x ) .  dl? - - 
Note t h a t  u = d</dn = u Z ,  and u~ i s  unchanged. I t  i s  irnmed- 
I; 
i a t e l y  v e r i f i e d  t h a t  t h e  f o u r - f o r c e  i s  o r t h o g o n a l  t o  t h e  
four -ve loc i ty ,  s o  t h a t  
Also ,  s i n c e  from (5b)  
- y - - u  = & % a ,  a c o n s t a n t  
dl? 
quite independent of the form for v ,  provided 
- 
that the 
fields are those for a wave in the z-direction. Thus, we 
have the immediate solution from equations 5 - (8) 
b) Plane-Polarized Wave 
Consider first a plane-polarized wave, with E in the x-direction. 
-d 
Then ul is parallel to the x-axis, and 
- 
- 
u~ - u~ o + v ox sin x 
where v = eExo/mcL?. The motion can be decomposed into two 
ox 
parts. The particle oscillates in the x and < directions, and 
in addition, the phase-averaged (represented by < > ) position 
X 
undergoes an arbitrary uniform translation. The latter will be 
ca l led  the motion of the ""guiding center," In the frame in 
which the ""guiding center" is at res t  t h e  p a r t i c l e  moves i n  a 
figure-8 orbit: 
6 
2 + 
ui -: v sin X, a r= (1 -6- +V j 
O X  O X  
Note t h a t  t h e  motion i s  r e l a t i v i s t i c  o r  n o n - r e l a t i v i s t i c  
a s  v i s  g r e a t e r  o r  l e s s  than  one. I n  t h e  weak o r  " l i n e a r "  
OX 
c a s e  (v  <<  1) t h e r e  i s  n e g l i g i b l e  5 motion; a s  v becomes 
l a r g e r ,  t h e  x  v e l o c i t y  b e c ~ m e s  r e l a t i v i s t i c  be fo re  t h e  wave 
r e v e r s e s  s o  magnetic f o r c e s  begin t o  i n f luence  t h e  motion. 
For very l a r g e  v t h e  r a t i o  of t h e  x  and 5 amplitudes i s  of  
o r d e r  u n i t y  and i s  independent of t h e  i n t e n s i t y  of t h e  wave; 
t h e  o r b i t  has  changed from a  l i n e  t o  a  f i g u r e  8 of f i x e d  
shape.  
I t  i s  i n s t r u c t i v e  t o  cons ider  nex t  t h e  motion of a  p a r t i c l e  
i n j e c t e d  a t  rest i n t o  t h e  wave a t  a r b i t r a r y  phase xo .  I n  t h i s  
ca se  a = 1 and 
- 
UI - vex ( s i n  X -  s i n  x,) 
u = 4 vox ( s i n  x - s i n  xo) 2 c 
Although t h e  p a r t i c l e  does come t o  r e s t  p e r i o d i q ~ a l l y ,  
t h e  phase-averaged v e l o c i t y  and energy a r e  n o t  zero:  
- < u L ) ~ - -  v s i n  x - 2 
O X  0 ( U r ) x  I @ VOx (1 + 2 s i n  x ~ ) ,  
2 (1%) 
= l + % V o x  (1 =+ 2 s i n  x,) 
The direction sf translational velocity in the plane of the 
wave depends on polarizat~on and in~tral phase. In the strong- 
wave c a s e  t h e  average  f o u r - v e l o c i t y  component i n  t h e  d i r e c t i o n  
of wave p ropaga t ion  i s  much g r e a t e r  t h a n  t h e  t r a n s v e r s e  com- 
2 
ponent ;  t h e  former of  o r d e r  v , t h e  l a t t e r  of  o r d e r  v. 
I n  t h i s  i d e a l i z e d  c a s e ,  a s  mentioned e a r l i e r ,  t h e  p a r t i c l e  
r e t u r n s  t o  rest p e r i o d i c a l l y ;  t h e  f requency  and fundamental  
l e n g t h  o f  t h i s  motion a r e  s imply  e x p r e s s e d  i n  t e r m s  of  t h e  
wave f requency and wavelength:  
The c y c l e ,  of  c o u r s e ,  c o i n c i d e s  w i t h  t h e  p a r t i c l e s  see- 
i n g  one complete c y c l e  of  t h e  wave, a  change i n  x o f  2 n .  
The maximum energy reached  i n  every  p e r i o d  i s  
Not ice  i n  ( 1 4 )  t h a t  a s  v + t h e  " p e r i o d "  becomes ve ry  long  
and t h e  motion approaches  t h e  "phase-locked" c o n d i t i o n  des-  
c r i b e d  i n  NPI. However, t h e  e n e r g i e s  g i v e n  by (13)  and (15)  
a r e  much g r e a t e r  t h a n  t h o s e  found i n  N P I  where y a v 2 / 3  Max 
The o r i g i n  of  t h e  d i f f e r e n c e  i s  the assumption made h e r e  of 
i s  
an infinite t r a i n  of p l a n e  waves, Th i s Jc lea rLy  n o t  applica- 
ble when considering particles injected in the near wave zone 
30 of the Crab pulsar. There u o  = 1 0 ' ~  and h = 10 cm, o n l y  
v 
somewhat l a r g e r  t h a n  t h e  Hubble r a d i u s  and ve ry  much l a r g e r  
t h a n  t h e  Crab Nebula. However, o v e r  most of t h e  nebu la  
3 
v  = 10' - 10 and t h e  a n a l y s i s  g i v e n  h e r e  would b e  v a l i d  
0 
f o r  p a r t i c l e s  i n j e c t e d  a t  res t ,  t h e  c r i t e r i o n  f o r  l o c a l  ap- 
p l i c a b i l i t y  a t  r a d i u s  r b e i n g  r>> A V .  
C )  E l l i p t i c a l l y  P o l a r i z e d  Waves 
The r e s u l t s  f o r  c i r c u l a r l y  and e l l i p t i c a l l y  p o l a r i z e d  
waves a r e  e a s i l y  o b t a i n e d  and a r e  s u b s t a n t i a l l y  t h e  same. I n  
t h e  g u i d i n g  c e n t e r  frame t h e  ampl i tude  o f  t h e  z-motion -- 
2 2 + qv 2 )  -4 - d e c r e a s e s  a s  t h e  % (vxo - v  1 ( l + f v x o  
YO YO 
wave d e p a r t s  from l i n e a r  p o l a r i z a t i o n  and v a n i s h e s  f o r  c i r c u -  
l a r  p o l a r i z a t i o n .  Thus t h e  o r b i t s  o f  p a r t i c l e s  i n  a  c i r c u -  
l a r l y  p o l a r i z e d  wave f i e l d  o f  a r b i t r a r y  s t r e n g t h  a r e  s i m i l a r  
t o  t h o s e  i n  a  uni form magnet ic  f i e l d ;  t h e y  a r e  skewed c i r c u l a r  
h e l i c e s .  A p a r t i c l e  s t a r t i n g  a t  rest  i n  an e l l i p t i c a l l y  
p o l a r i z e d  wave a c q u i r e s  a  d r i f t  v e l o c i t y  now i n  t h e  y - d i r e c t i o n  
a s  w e l l ,  ( u l ,  y )  = v c o s  xo .  The energy and t h e  z - d r i f t  
YO 
2 
v e l o c i t y  depend,  a s  b e f o r e ,  p r i m a r i l y  on v and s l i g h t l y  on 
0 
t h e  i n i t i a l  phase  - t h e  phase  dependence d i s a p p e a r s ,  o f  c o u r s e ,  
f o r  c i r c u l a r  p o l a r i z a t i o n .  
d) Motion i n  a  Slowly Changing P l a n e  Wave F i e l d  
L e t  us  now c o n s i d e r  t h e  motion Q £  a  charged p a r t i c l e  i n  a  p l a n e  
wave within which the strength E and frequency R vary slowly with 
phase. Thus, we assume that the driving fields are given, 
as before, by equation (3) with the phase R ( t  - z / c j  replaced 
by x and Exor  Eyo t  and R c o n s i d e r e d  t o  b e  weak f u n c t i o n s  of  
X .  Then e q u a t i o n  ( 2 )  s t i l l  r e p r e s e n t s  t h e  p a r t i c l e  e q u a t i o n s  
d m o t i o n  and i t  i s  e a s i l y  shown t h a t  t h e  i n t e g r a l  a i s  s t i l l  
s t r i c t l y  c o n s t a n t .  I f  w e  f u r t h e r  d e f i n e  
dq r R ~ T  (16 
t h e n  t h e  phase  x i s  s t i l l  g i v e n  by e q u a t i o n  (9a )  and e q u a t i o n s  
( 5 a )  and (5b)  a r e  unchanged. Choosing a s  independen t  v a r i a b l e  
x and s p e c i a l i z i n g ,  f o r  s i ~ ~ p l i c i t y ,  t o  t h e  c a s e  of  l i n e a r  
p o l a r i z a t i o n ,  w e  have 
where 
Assuming now 
w e  can i n t e g r a t e  (17)  t o  g i v e  
' v o o  [ (1  + B x )  s i n  x + 4 cos  + c o n s t  
= v ( X )  sin X + dvo cos X + cons t  
0 dx 
=P v *  ( x )  sin 
0 
and 
The corresponding z-motion and energy are given in terms of 
(u ,a) as before by equations (9b) and (9c) . Thus, for example: 
= [(1 + a2) + + 31 V* (X12] /2a1 
0 (23) (Y)x 
The principal result of this exercise is that, apart from un- 
important changes in phase i .e. E (x) ] the energy and longi- [ 
tudinal velocity of a particle are determined by its initial, 
or its current, conditions depending on which environment 
has the stronger field. Particles remember the strongest 
field region (largest v) they have encountered and, in general, 
do not lose substantial amounts of energy in going to weak 
field regions. 
III. RADIATION REACTION IN A PLANE WAVE 
a) The Equations 
The equations of motion are now 
where F' is the Maxwell field t e n s o r  and the seco rd  and third 
terms represent the reaction force on the particle due to the 
radiation it emits. We shall assume in this treatment that 
the radiative reaction forces are relatively very small so 
that the change in any quantity per cycle due to the radiative 
reaction is very small compared to the quantity itself. In 
this approximation, the terms in the bracket can be evaluated 
at the current value of the dynamical quantities without 
inclusion of radiative reaction. That is, we will linearize 
about a small parameter to be introduced shortly and later 
investigate the domain of validity for the resulting approximations. 
In the dimensionless variables introduced in equation (4), 
equation (24) can be written like equation (5) if we add to 
the right-hand sides a four-vector 
representing the radiative reaction force. Now, using the 
solution found in Section 11, we have 
Consistent with our assumption of a small radiative reaction, 
we will average its effect over one gyration cycle and o b t a i n  
where, for notational simplicity,we have omitted the x 
subscript on the phase averages. Equations ( 2 5 )  - (27) 
determine the phase-averaged radiation reaction force. The 
equations of motion now reduce to 
where 
is a dimensionless parameter which is a measure of the radiative 
drag. Except in the immediate vicinity of pulsars E will be 
1 3 
very small. In the Crab Nebula where v = 10 to 10 , the 
0 
radiation parameter E = 10 -19 to lo-15- In deriving the 
radiative reaction force, we have treated a as a constant 
which it no longer is, Rather, we see from (28) that this 
(positive) quantity is a rnonotonicalEy decreasing function of 
time. A satisfactory requirement for the validity of our 
linearization procedure is idln a/dxl < <  1. From ( 2 8 )  we 
s e e  t h a t  this i s  e q u i v a l e n t  t o  t h e  requ i rement  ra<<l f o r  
weak r a d i a t i v e  r e a c t i o n .  If one does - n o t  ave rage  o v e r  p h a s e ,  
it i s  s t i l l  p o s s i b l e  t o  t r e a t  t h e  e q u a t i o n  f o r  u l  w i t h  reason-  
* 
a b l e  e a s e ,  and one f i n d s  t h a t  t h e  o n l y  e f f e c t  i s  a n  a d d i t i o n a l  
phase  l a g  i n  t h e  p a r t i c l e  motion o f  o r d e r  & a .  Re tu rn ing  t o  t h e  
c a s e  of  weak r a d i a t i v e  r e a c t i o n  i n  a  p l a n e  wave, w e  f i n d  some 
r a t h e r  b i z a r r e  long-term e f f e c t s .  The e q u a t i o n  f o r  a  can  be  
immediately i n t e g r a t e d .  W e  f i n d  
where a  i s  t h e  i n i t i a l  v a l u e  of  a .  The s o l u t i o n  f o r  ul i s  
0 
a s  g i v e n  i n  S e c t i o n  I1 e x c e p t  now t h e  average  p e r p e n d i c u l a r  
v e l o c i t y  i s  n o t  c o n s t a n t  b u t  d e c r e a s e s  w i t h  t i m e  
(u.L>, 
C u d  = (1 + & a o x )  . 
Now, s i n c e  
we f i n d ,  from ( 2 8 ) ,  (30)  - ( 3 2 ) ,  
and a  s i m i l a r  exprt. ission f o r  u Equa t ions  (31) through (33)  r 
are ? ~ a l i d  even if r a  x > > 1  so long as r a < < L .  
0 
We see that for any i n i t i a l  c o n d i t i o n s ,  t h e  radiative 
losses will ultimately lead t o  increases in the particle 
energy, and that for the c o n d i t i o n s  considered here, t h e  
energy will continue to increase without limit. This paradoxical 
result is perhaps most easily understood by considering motion 
in a circularly polarized wave. 
Here the rate of change of y is proportional to u l  * v, 
- - 
simply the projection of the electric field along the motion. 
In the absence of radiation uL lags v by exactly ~ / 2 ;  the 
- - 
field is always perpendicular to the velocity, and dy/dn 
vanishes. The effect of radiation drag, however, is to induce 
a phase lag in u , as remarked earlier, making u * v always I L - 
positive around the orbit. Since, for a plane wave, 
YL E = i~~ x !B/ , a similar acceleration is induced in the - 
< motion in the direction of propagation. 
b) "Radiative Pumping" 
We can easily find the dependence of y on time in the 
asymptotic region where Eaox is large. Here 
The dependence of time (t = E / R )  on phase is found by noting 
that, since y = a d</dx, 
F i n a l l . y ,  (34 ) ,  (35) and the definition of 5 give 
The energy i n c r e a s e s  ve ry  s lowly  w i t h  t ime .  Th i s  mechanism 
of  " r a d i a t i v e  pumping" i s  probably  n o t  i m p o r t a n t  i n  t h e  Crab 
Nebula now. Taking v o  = l o 2 ,  which might  be  t y p i c a l  i n  t h e  
i n n e r  p o r t i o n s  of  t h e  n e b u l a ,  E i s  - 5 x 10 -I7 and (y> f o r  
a  p a r t i c l e  whose g u i d i n g  c e n t e r  i s  a t  rest i s  of  o r d e r  v 
0 ' 
t h e  t i m e  r e q u i r e d  f o r  t h e  energy t o  doub le ,  s a y ,  i s  of  o r d e r  
8 1 0  y r ,  much l o n g e r  t h a n  t h e  age ( o r  e x p e c t e d  l i f e t i m e )  o f  
t h e  Crab. I n  a d d i t i o n ,  w e  s h a l l  s e e  t h a t  p a r t i c l e s  t r a p p e d  
i n  s p h e r i c a l  wave f i e l d s  always s u f f e r  r a d i a t i v e  l o s s e s  l a r g e r  
t h a n  t h e i r  g a i n s .  The f a c t  t h a t  charged p a r t i c l e s  moving i n  
t h e  d i r e c t i o n  of  a  s t r o n g  wave w i l l  g a i n ,  n o t  l o s e ,  energy 
when t h e y  r a d i a t e  remains  t r u e ,  however, and may prove  t o  be  
of i n t e r e s t  i n  o t h e r  a p p l i c a t i o n s .  
I V .  R A D I A T I O N  FROM PARTICLES MOVING I N  A PLANE WAVE 
a )  The Equa t ions  
The n a t u r e  o f  t h e  r a d i a t i o n  from p a r t i c l e s  moving i n  a  
s t r o n g  wave f i e l d  w i l l  be  i n v e s t i g a t e d  i n  d e t a i l  i n  a  subsequen t  
paper ;  l e t  us  now n o t e  a  few of  t h e  s a l i e n t  f e a t u r e s .  The t o t a l  
energy r a d i a t e d  by a  p a r t i c l e  of cha rge  e p e r  u n i t  t i m e ,  
i n t e g r a t e d  o v e r  a l l  f r e q u e n c i e s , i s  
where the bracketed terins I n  the standard f c i r r u l a  have been 
e x p r e s s e d  in o u r  d i m e n s i o n l e s s  v d r i a h l e s ,  T o  f i n d  t h e  ene rgy  
r a d i a t e d  p e r  c y c l e ,  w e  n u s t  a v e r a g e  o v e r  t i m e  ( E ) ,  n o t  p h a s e  
( x ) .  Then, s i n c e  25 = y do = y dx /a ,  t h e  t i m e  a v e r a g e  of any 
q u a n t i t y  Y i s  
and t h e  t ime-ave raged  power o u t p u t  o f  a  p a r t i c l e  i n  a  p l a n e  
wave i s ,  from e q u a t i o n s  ( 2 7 ) ,  ( 3 7 ) ,  and ( 3 8 ) ,  
T h i s  can  b e  w r i t t e n  i n  t h e  more t r a n s p a r e n t  form 
where E i s  t h e  r a d i a t i o n  p a r a m e t e r  [ c f .  eq .  (29 ) ]  and Q i s  a 
f a c t o r  o f  o r d e r  u n i t y :  
The t o t a l  r a n g e  p o s s i b l e  f o r  Q i s  
4 < Q <  2 
? 
and 
in that commonly important Limit, Equation (40) simply says 
that in units of its rest energy nc2 a charaed particle loses 
an amount - a 2 &  per period of the wave which forces its motion. 
b) Radiation from a Particle Injected at Rest 
Let us look at this result [equations (39) and (40)] in 
J 
two interesting limiting cases. First, consider a particle 
starting at rest. Noting that a = 1 and Q is near unity 
under all circumstances we find from (29) and (40) that an 
electron dropped at rest into a strong field will radiate 
independent of the frequency of the driving wave. 
c) Highly Relativistic Particles 
For the second case, consider lull >>v -k 1 corresponding 
0 
to a highly relativistic particle moving obliquely to the wave 
front. The energy is nearly constant and deviations from 
rectilinear motion are slight. Here y = (Y)~ and 
Now, noting that +a2vo2 = e2I2*/m2c2= 0 4 n ~ / m * c * ~  where E 0 
is the R,M.S, electric field and U the mean energy density in 
the f i e l d ,  w e  can write 
which is identical to the stand.ard expression for the power 
radiated via "inverse Compton" losses. For an isotropic 
distribution of relativistic particles (y>>l), the power 
radiated per particle is exactly the same as the same particles 
radiating via synchrotron radiation in a uniform field of 
energy density U, to wit: 
y >> 1 
isotropic 
distrihution 
d) "NIC" Radiation 
The character of the radiation emitted by these processes 
[eqs. (40) and (46)] is, in general, different from both 
inverse Compton and synchrotron radiation. Consider v >>1 
0 
(if vo<<l the radiation calculated by eq. (46) - is ordinary 
inverse Compton, of Course,) and ul>> V -- the conditions of 
0 
(c) above. Let us investigate the angular deviation in the 
trajectory produced by the wave. The amplitude in ul is just 
vof so the angular amplitude is vo/y (an exact result in the 
limit considered). The beamwidth of the radiation from a 
relativistic particle is of order l/y,so for v > 1 the beam 
0 
of the particle sweeps back and forth past the observer 
more or less in the manner of a gyrating synchrotron particle, 
and one expects the spectrum to resemble more nearly that of 
synchrotron radiation than that sf inverse Cornpton, One can 
estimate the e r l t - i e a l  frequency simply as fol%owsn The 
a.ngu1a.r change i n  v e l o c i t y  i s  2v /y in the time it t akes  
0 
f o r  t h e  p a r t i c l e  t o  t r a v e l  from one wave node t o  t h e  n e x t ,  
-1 -1 A t  = 2nQ (1 - v Z )  . T h i s  co r responds  t o  an average  
c i r c u l a r  f requency 
independent  of t h e  wave f requency .  I t  depends o n l y  on t h e  
wave ampl i tude  and t h e  p a r t i c l e  ene rgy ,  and ,  i n  f a c t ,  does s o  
i n  t h e  same manner a s  t h e  r e l a t i v i s t i c  gyrofrequency i n  a  
s t a t i c  magnet ic  f i e l d  depends on f i e l d  s t r e n g t h  and energy .  
Thus, t h e  c r i t i c a l  frequency i s  
v = 2nd y 3 =  e Eoy2 
c r i t  c 
nmc 
The h i g h e s t  f r e q u e n c i e s  e m i t t e d  i n  o r d i n a r y  i n v e r s e  Compton 
r a d i a t i o n  a r e  of o r d e r  v  - 2ny2Q s o  t h e  r a t i o  of  f r e q u e n c i e s  I C  
i s  
f o r  r e l a t i v i s t i c  p a r t i c l e s  t r a v e l i n g  a t  l a r g e  a n g l e s  t o  t h e  
wave p r o p a g a t i o n  d i r e c t i o n .  Thus, t h e  b e h a v i o r  changes a t  v o - 1  
from t h e  f requency-dependent ,  s t r e n g t h - i n d e p e n d e n t  c l a s s i c a l  i n -  
v e r s e  Compton p r o c e s s  t o  t h e  f requency- independent  s y n c h r o t r o n - l i k e  
process described here, We propose to call radiation in this 
regime nonlinear inverse Compton ( N I c J  radiation, The radiation 
rates are given by equations (40) or (46) and the peak frequency 
by equation ( 4 8 ) .  NIC radiation is clearly polarized if the 
radiation field is coherent (or even reasonably unidirectional 
and itself polarized.) 
V. llOTION IN A SPHERICAL WAVE FIELD 
a) The Equations of Motion 
While the plane wave theory given in parts I and I1 is 
in many cases satisfactory locally, we have seen that extreme 
caution must be used in applying its predictions to the real 
world. A much better model for most cases of interest is a 
spherical radiation field. We will treat in some detail a 
dipole field, but there is no essential complication in treating 
fields with arbitrary angular dependence. We consider only the 
far-field region; there the propagation direction is accurately 
radial. 
The equations of motion are 
Now let 
0 - 0 @ =  @ 5 :~r/c, u = y, ue E y v ,  L1 
- YV 
and ( 5 ,  TIr x j  retain the definitions given in equation (4j 
v i t h  r substituted for z ,  In these variables equation (58) 
becomes 
where f = (f @ 6 
- 0 £ 4  - 617 ) , u, = (uO, u ) , and - denotes the absolute 
derivative on the sphere (reducing to the ordinary derivative 
at the equator). Xote also that ue , urn are physical components, 
not contravariant components, so that 
as can be verified by integration of (52) (the notation differs 
slightly from that used in NPI.) In the dipole case, the 
field strength f can be given in terms of a constant f repre- 
- 0 
senting the magnetic dipole luminosity L 
md : 
where 
!- 2 ~ r n d  fo = pmzc5 1= const - 
Note that fo is just v o  evaluated at the wave radius <= 1 
(r = c/G) at the equator. If we again let a r y - u' = dx/dn, 
then, using (53) we find 
u = (1 - a2+ u: ) /2a r (55) 
as before. The other equations of motion can now be written 
b )  !lotion of the Guid inq  Center 
First we discuss the orbits of relativistic particles 
injected into the far wave zone. Following the example of 
the plane wave treatment, we shall first look at the regime 
where the guiding center approximation is valid; i.e., the 
approximation in which the amplitude of the gyration in space 
is small compared to the scale length of the fields -- 
typically the radial distance from the center. Note that in 
a dipole field afe /a+ = af / a +  = 0.  It then easily follows 19 
(since excursions in 8 do not produce first-order changes in 
fe, and likewise for 6 )  that, averaging over phase 
Thus, the guiding center angular momentum is conserved, and the 
orbit of the guiding center is planar, if the excursions 
introduced by the fields are small. The oscillatory part of 
5- is clearly just 
1 
:A- -<:I> = i ( - fo cos X, f o cos B sin x), (~g/g<<l) (58) 
where the parenthesized ccnd.ition expresses the requirement 
that the excursions in 5 be small conpared to g. Thus, if 
we denote the angular momentum per unit mass vector by h w =g{~~), 
and 
1 
u r  = - (he-fo cos x I  h + f cosH sin x), 
- r 4 0 
( 6 0  
Note from (56) that a is a monotonically, and slowly (if u is 
I 
not too big) decreasing function of q .  Thus, we can replace 
(56) with 7 
Let us pause for a moment to investigate the conditions 
under which our approximations are valid. We require first 
that the total excursion in0 or@ in one cycle be small. The 
-1 2 2 3; RMS u, is of order 5 (h +fo ) and 
2 
-1 -1 (h +fo2)4 
ae, A + - - <  u, a  - < <  1. 
a< 
The excursion in c is of order 
fo2 +h2 f 0 2 +h2 
< <  5 , or < <  1 
a2 c 2  a 2  c 3  
for c 2 <  fo2+ h2. 3 
da be sm3ll reduces to the same inequality The condition that a - 
dx 
as (63) ; we assume that we are in the far wave zone (<>>l) ,
so (62) is satisfied whenever (63) is, and the satisfaction 
of (63) is necessary and sufficient for the guiding center 
picture to be valid. 
3 
It is clear that the case C2>fo2+ h2 is uninteresting, since 
in this case neither the field nor the angular momentum is 
significantly affecting the motion of the particle, 
24 
W e  can s o l v e  f o r  t h e  o r b i t  s imply  i n  one i n t e r e s t i n g  
c a s e  wh ich  c o n t a i n s  a l l  t h e  e s s e n t i a l  f e a t u r e s  of t h e  problem, 
L e t  t h e  g u i d i n g  c e n t e r  t r a v e l  i n i t i a l l y  i n  t h e  e q u a t o r i a l  
p l a n e .  Thus w e  have no 0 - v a r i a t i o n .  L e t  
Then t h e  problem i s  s o l v e d  i f  w e  can f i n d  a and <, t h e  r a d i a l  
c o o r d i n a t e  o f  t h e  g u i d i n g  c e n t e r ;  t h e  d i f f e r e n t i a l  e q u a t i o n s  
a r e  
L e t  us  assume t h a t  t h e  p a r t i c l e  r e c e d e s  t o  rn a s  q + a, and l e t  
am be t h e  l i m i t i i > g  v a l u e  of a .  Then t h e  sys tem (65)  can  be 
i n t e g r a t e d  ( e l i m i n a t i n g  q )  t o  y i e l d  
Thus, t h e  mean energy of t h e  p a r t i c l e  i s  conserved.  
L e t  us  assume t h a t  (y) > >  I.  Then t h e  p a r t i c l e  i n i t i a l l y  
came from i n f i n i t y  w i t h  u = -<y>and u, = 2(y>. I t  r e a c h e s  r 
p e r i a s t r o n  (<u ) = 0 )  when a = <y) and t h e n  r e c e d e s ,  w i t h  a, c. 
approaching (2C-y )  ) -' as t h e  r a d i u s  goes  t o  i n f i n i t y .  The o r b i t  
and p e r i a s t r o n  d i s t a n c e  are found by n o t i n g  that 
and that, using (66) and the definition of a, 
From (67) and (68) we determine the orbit in the usual way and 
find 
<= 5 sec [(l + f 2/2h2 )'(e -eo)] P 0 
where 
is the periastron distance. 
It can be seen from (68), in fact, that the orbit of the guiding 
center is the same as that for a classical particle moving in 
a central-force field having a repulsive potential f 2/4<2. 
0 
c) Validity of the Guiding Center Approximation 
Let us check the goodness of our approximations. It is 
clear that, since a is of order( y) for the entire first half 
of the orbit, that the criterion (63) is worst satisfied on 
the incoming branch at periastron. There a =<Y),< = C p  and 
~ ~ / a ~ < ~  =Y/R  so the criterion is satisfied if y<<R, i P > > l  
Thus, i f  t h e  particle remains  i n  the far wave zone, t h e r e  i s  
no t r o u b l e  while it i s  incoming,  F o r  t h e  o u t g o i n g  b ranch  w e  
can w r i t e  
T h i s  l a t t e r  q u a n t i t y  i s  l e s s  t h a n  u n i t y  ( o u r  c r i t e r i o n )  o n l y  i f  
<y> 2% . 
The phenomena t h a t  o c c u r  a t  h i g h e r  e n e r g i e s ,  however, 
a r e  r e l a t i v e l y  s imple .  I t  i s  e a s y t o  see, f i r s t ,  t h a t  i f  t h e  
c r i t e r i o n  (63)  i s  v i o l a t e d ,  t h e  t r o u b l e  o c c u r s  a t  a  v a l u e  of  
1 
5  < R ;  p h y s i c a l l y ,  f o r  5  > R ,  a - ( 2 < y > r  and t h e  p a r t i c l e  
e s s e n t i a l l y  no l o n g e r  i n t e r a c t s  w i t h  t h e  wave. L e t  u s  l o o k  a t  
t h e  r a d i u s  a s  a  f u n c t i o n  o f  phase ,  and l e t  us  assume t h a t  
5  >>I .  Thus, t h e  approximat ions  r u n  i n t o  t r o u b l e  when 5 > > 3  , 
P P 
a  > . I f  a  i s  s m a l l  compared t o  <y), <u)=(y), and w e  5  
can w r i t e  
r e c a l l i n g  t h a t  a  = R 2  (2<y>52)-L, s i n c e  <<<9. 
Thus, t h e  r e s i d u a l  phase  from 5  t o  " i n f i n i t y "  ( a c t u a l l y  
t o  5  - R ,  s i n c e  it i s  t h e r e  t h a t  o u r  e x p r e s s i o n  f o r  a b r e a k s  
down) i s  
2 ( ~ ) ~ 5  
T h i s  becomes of o r d e r  u n i t y  a t  t h e  same v a l u e  of  < f o r  which 
t h e  ampl i tude  of  t h e  g u i d i n g  c e n t e r  motion becomes l a r g e .  
Thus t h e  t r o u b l e  o c c u r s  because  t h e  p a r t i c l e  becomes 
""phase-locked" -- i t  is traveling radially at so n e a r l y  the 
v e l o c i t y  of  Light that barge changes  in the r a d i u s  scc.ur  f o r  
small changes in the phase ,  
It is easy to s e e  t h a t  this c a u s e s  r e a l  difficulty only 
i f  f o  > h , f o r  i f  h  >> f o  (and hence 9,-h), t h e  p e r p e n d i c u l a r  
- 
motion i s  always dominated by t h e  " c o n s t a n t "  (h/i-) p a r t ,  
da/dn i s  t h e n  independent  of  t h e  o s c i l l a t o r y  p a r t  and it 
d o e s n ' t  m a t t e r  whether  t h e  phase  l o c k s  o r  n o t ;  y -(?')and 
i s  n e a r l y  c o n s t a n t  o v e r  t h e  whole o r b i t  (which i s  n e a r l y  
r e c t i l i n e a r ) .  I f  f o  > h ,  however, one e x p e c t s  major m o d i f i c a t i o n s  
- 
t o  t h e  g u i d i n g  c e n t e r  p i c t u r e .  
W e  can  s e e  how t h i s  goes e a s i l y  f o r  t h e  c a s e  <y> > > k 4 ;  
i . e . ,  f o r  t h o s e  p a r t i c l e s  f o r  which t h e  breakdown i s  i n  some s e n s e  
" s t r o n g . "  F i r s t  o f  a l l ,  we have an e x a c t  e x p r e s s i o n  f o r  UL 
[ c f .  Eqs. ( 5 9 )  - ( 6 0 )  a s  a  f u n c t i o n  of 5 and X. Using Equat ion  3 
( 5 2 ) ,  and a g a i n  assuming 
t h a t  a<<?,  it i s  e a s y  t o  show t h a t  t h e  f r a c t i o n a l  change i n  
y from 5 t o  i n f i n i t y  on t h e  e x i t  o r b i t  i s  bounded by 
which i s  s m a l l  f o r  < > k 2  Comparing ( 7 4 )  w i t h  (73)  
w e  see t h a t  y changes l i t t l e  a f t e r  phase  l o c k i n g  o c c u r s ,  s o  
we may c o n f i n e  our  a t t e n t i o n  t o  t h e  r e g i o n  n e a r  5 
c r i t  - k2/<y> 2 t  
f o r  which t h e  v a l u e  of  a i s  abou t  a  = ~ y )  3 / 2 ~ 2 .  NOW 
c r i t  
a 2  2 
crit <<(u1 )at cCrit, s o  we can w r i t e  t h e  e x p r e s s i o n  (55)  
for u as r 
which w i l l  be t r u e  e x c e p t  ( p o s s i b l y )  when cos  x i s  nea r  ze ro .  
On t h e  o t h e r  hand,  Equat ion (56)  t e l l s  us  t h a t  ada/dx = - u i / <  
e x a c t l y .  Thus, w e  can s o l v e  (75) t o  o b t a i n  
which i s  t h e  same a s  p r e v i o u s l y  o b t a i n e d  under o t h e r  circum- 
s t a n c e s  [ E ~ .  ( 7 1 ) ] .  Now i f  w e  i n s e r t  ( 6 0 )  i n t o  (75) and 
i n t e g r a t e ,  w e  f i n d  
i4 
= i2 X + L f o 2  s i n  2x 
where < i s  some e a r l i e r  v a l u e  of  6 a t  which t h e  phase w a s  
r 
zero(modu10 2 ~ ) .  
I t  i s  c l e a r  t h a t  t h e  phase  a t  any v a l u e  o f  < w e l l  b e f o r e  
phase l ock ing  occu r s  i s  e s s e n t i a l l y  random f o r  an  assembly 
of  p a r t i c l e s  w i t h  random i n i t i a l  c o n d i t i o n s ,  and s o  w e  o b t a i n  
t h e  somewhat s u r p r i s i n g  r e s u l t  t h a t  y l o cks  and becomes l a r g e  
a t  an e s s e n t i a l l y  random phase  x:~,. The v a l u e  of y i s  
a sympto t i c a l l y  
2 ( h 2 +  f i  cos  xL)  
y - (0 - R L  
and i s  t h u s  d i s t r i b u t e d  between (f -I- h 2 )  !L-2(y) and h2!Le2 (y). 
0 
The phase- locking phenomenon t h u s  i n t r o d u c e s  a d i s p e r s i o n  
in energy which is large f o r  o r b i t s  0% small angular momentum, 
Note that this dispersion represents a net energy input for 
particle distribution functions which increase toward lower 
energies, and thus,in a sense, the phase locking gives rise 
to an acceleration mechanism. The phenomenon is essentially 
unchanged for particle orbits out of the equatorial plane, 
and the redistribution in energy is of the same order. 
d) Particles Injected at Rest 
Before leaving this topic, let us investigate the 
behavior of particles dropped at rest into the wave. The 
initial value of a is, of course, unity. Let the phase at 
the initial instant be xo and the radius Go. Then from (60) 
f3 = fo cos x,, h = -fo cos Bo sin x 0 0 
so that h2 \( fo2 and R 2  < 3 / 2  f02. The formal "average" energy 
of the guiding center motion isl from (66), 
This energy is in general, however, not reached because, as 
we saw in the last section, phase locking can invalidate 
3 /  l t  . the guiding center picture. There are no problems if 5 > R  , 
0,  
phase locking does not occur, <y) 0 (R li2) hnd the particle 
goes to infinity with y = ( y ) .  For particles with < in the 
0 
range f 2/3 
0 , < T 0 < f o  3/4 phase locking occurs before they 
reach 5 = Rand y + 0 (y) at infinity, but randomized., as 
described in Section V c ,  Let us now look at the particles 
s t a r t i n g  nearer the center of the  wave source, f o r  which 
2 / 3 s  For  t h e s e  t h e  t o t a l  phase change from rest is 
s m a l l ,  a s  was p o i n t e d  o u t ,  u s i n g  o t h e r  t e c h n i q u e s ,  i n  NPI. 
F i r s t ,  w e  c a l c u l a t e  t h e  t o t a l  phase  change o c c u r r i n g  a s  t h e  
p a r t i c l e  goes from C 0  t o  some l a r g e  5 u s i n g  e q u a t i o n  (77)  
( r a t h e r  t h a n  e q u a t i o n  ( 7 3 ) ,  which o n l y  a p p l i e s  i f  t h e  
g u i d i n g  c e n t e r  approximat ion  i s  v a l i d )  
R e c a l l i n g  t h a t ,  i n  t h i s  c a s e ,  
w e  o b t a i n  
i n  agreement  w i t h  t h e  r e s u l t  i n  N P I .  The r e s u l t  i s  e a s i l y  
g e n e r a l i z e d  t o  a r b i t r a r y  i n i t i a l  a n g u l a r  c o o r d i n a t e s  and becomes 
f o  ( 1  - Xo + c o s 2 e 0  cos  xo) 1 3 ,  ( l i c0 r  io2l3) (841 
Note t h a t  y goes t o  a  v a l u e  a t  i n f i n i t y  which i s  independen t  
of 5, for t h i s  c a s e .  
W e  thus have the f o l l o w i n g  behavior: For I< i o  fo 2 / 3  
t h e  f i n a l  e n e r g y  i s  independent  of p o s i t i o n  g depends weakly 
oP 
on i n i t i a l  phase  x and i s  sf o r d e r  f 
0 o  
2 / 3 e  A s  i0 i s  i n c r e a s e d  
p a s t  f02 /3 ,  t h e  t o t a l  phase change becomes r a p i d  a t  f i r s t  b u t  
l a t e r  l o c k s ,  t h e  u l t i m a t e  y  b e i n g  approx imate ly  ( y ) ,  which 
f o r  p a r t i c l e s  s t a r t i n g  from rest t a k e s  t h e  form [ c f .  Eq. (6611 
(Y) = 1 + % f 2  
o  ,i2[1 + 2  0 s  xo + c o s 2 e o  (1 + 2  s i n 2 x o )  
b u t  d i s t r i b u t e d  between ymin 1 0  and ymax = 2 f  
0 
f o r  
s m a l l  changes i n  G o .  F i n a l l y ,  f o r  ve ry  l a r g e  5  y  i s  e x a c t l y  
0 '  
<y> and i s  g i v e n  by Equat ion  ( 8 5 ) .  
W e  n o t e  t h a t  t h e  approximate r e s u l t s  a g r e e ,  a s  t h e y  must ,  
i n  t h e  i n t e r f a c e  r e g i o n s  where < = f o  2/3 o r  To  f o  3/4 
0 
e )  Motion Out of  t h e  E a u a t o r i a l  P l a n e  
We b e g i n  o u r  d i s c u s s i o n  of  t h e  g u i d i n g  c e n t e r  motion of  
p a r t i c l e s  o u t  o f  t h e  e q u a t o r i a l  p l a n e  by n o t i n g  from 
Equat ion  (65)  and t h e  d e f i n i t i o n  o f  a t h a t  
f o r  p a r t i c l e s  which a r e  n o t  phase-locked,  where h e r e  t2  = f 2  + h 2 .  
Also ,  from e q u a t i o n  (65)  we have 
W e  found<y ,cons tan t  f o r  motion i n  t h e  e q u a t o r i a l  p l a n e  because  
( F I  and consequently R are constant i n  t h a t  plane, Although 
t 2  i s  now v a r i a b l e ,  its range o f  v a r i a t i o n  is small; 
changes at most by a f a c t o r  of t w o  from equator to pole 
f o r  a d i p o l e  r a d i a t i o n  p a t t e r n  and t h e  changes i n  f a r e  
d i l u t e d  by any a n g u l a r  momentum s i n c e  R r (h  2 + .$ f211/2e 
W e  w i l l ,  t h e r e f o r e ,  do t h e  a n a l y s i s  under  t h e  assumption t h a t  
t h e  d e v i a t i o n s  of R from some a v e r a g e  v a l u e  % a r e  s m a l l .  W e  
assume t h a t  t h e  o r b i t s  and a-dependence a r e  d e s c r i b e d  a d e q u a t e l y  
- by c o n s t a n t  R 5 R .  I n  t h i s  c a s e ,  w e  o b t a i n  from Equa t ion  (66)  
t h a t  
1 
and it i s  e a s i l y  shown t h a t  t h e  - t e r m  h a s  n e g l i g i b l e  e f f e c t  
a  
w h e n c y )  >> l ( e s s e n t i a l 1 y  because  a  small i m p l i e s  t h a t  u  -y ,  r 
t h e  motion i s  n e a r l y  r a d i a l ,  and R i s ,  t h e r e f o r e ,  n e a r l y  
c o n s t a n t ) .  Then, from t h i s  r e s u l t  and Equat ion  (69)  w e  f i n d  
where I) i s  t h e  a n g l e  measured i n  t h e  p l a n e  o f  t h e  o r b i t  from 
t h e  p e r i a s t r o n  d i r e c t i o n  t o  t h e  p o s i t i o n  of  t h e  p a r t i c l e  
(F ig .  1) w i t h  v e r t e x  a t  t h e  o r i g i n ;  we assume f o r  d e f i n i t e n e s s  
t h a t  t h e  p a r t i c l e  p a s s e s  above t h e  p o l e .  
W e  t h e n  f i n d  
P 
- RJI 1 dRnR2 
(1 + s i n  --- 
h d4J I) 
where Ay i s  t h e  d i f f e r e n c e  between f i n a l  ( e x i t )  and i n i t i a l  
( e n t r a n c e )  e n e r g i e s .  I f  w e  i n t e g r a t e  by p a r t s  and u s e  t h e  
assumption that R is n e a r l y  constant, we obtain 
2 
where i2 = 4 (f f2 + f i2) . But from Equation (54) , fZ = fO2 (1 + cos B), 
and from geometrical considerations (See Figure 1)' 
cos 8 = cos 8 sin $ + sin 8 cos B cos $ 
0 0 ( 9 2 )  
where Bo is the polar angle to the tangent to the orbit at 
periastron (essentially the incident direction for small 
deflection) and f3 is the angle between the orbital plane and 
the plane of the tangent and the polar axis. If we specialize 
to nearly rectilinear orbits (7 small compared to h), we can 
easily perform the integration in Equation (91) and obtain 
AY = 
-
Tr 4 - - 4  
32 £0 L sin 2e0 (1 + ?os2 eo) cos B Y 
The first term is negligible for small deflections, since then 
f << 3; most of the change in y comes from the effects of 
0 
changing amplitude with 8 near periastron passage. Note that 
the deflection is always in the sense of decreasing 0 for passage 
above the pole. (The particle is repelled by the wave source.) 
The sense of the change is most easily seen from Equation 
(87). All else being equal, the rate of change of y is 
proportional to l/a& Thus, at a given c and through a given 
change in $ %he exit segmentof tlae orbit contributes more heavily 
than the corresponding -- entrance portion because a is smaller there- 
Thus, for Bo near zero the particle exits i n  a field region in 
which f is decreasing, and the energy decreases; for O 0  near 
~ / 2 ,  the exit orbit is toward the p ~ l e  where f is increasing; 
the energy thus increases. It is easily shown that the average 
Ay over all incident directions vanishes, so that this phenomenon 
provides a diffusion in energy of the same character as the 
phase locking. 
£1 Radiative Effects 
We conclude the discussion with a brief look at radiative 
reaction. It is clear that the equations for u. and a in the 
spherical case become [cf. Equations ( 2 8 ) ,  (65) ]  
for non-phase-locked particles in the equatorial plane; here 
we define a new radiation parameter p :  
a constant. Note that p is simply the old parameter E 
evaluated at <=1 (r = c/R) , so that p/y2 is the "local" value 
of E .  From Equation ( 8 6 ) ,  by direct differentiation, we find 
Thus, the situation is analogous to the plane-wave case; 
i f  the motion is radial (h=0)  and L C )  is positive (outgoing 
z; 
branch), the p a r t i c l e  g a i n s  energy by the same "pumping" 
mechanism as discussed before; on the incoming b r a n c h ,  t h e  
p a r t i c l e  l o s e s  ene rgy ,  and i t  i s  c l e a r  t h a t  l o s s e s  f a r  
overba lance  g a i n s ,  s i n c e  a i s ,  on a v e r a g e ,  much s m a l l e r  going 
o u t  t h a n  coming i n .  To e s t i m a t e  r a d i a t i v e  e f f e c t s ,  l e t  us 
assume t h e y  a r e  s m a l l ,  h  i s  n e a r l y  c o n s t a n t ,  and w e  can  
i n t e g r a t e  Equat ion  ( 9 6 )  a l o n g  t h e  unper tu rbed  o r b i t .  Omi t t ing  
t h e  remain ing  s t r a i g h t f o r w a r d  a n a l y t i c a l  s t e p s ,  w e  p r e s e n t  
t h e  c o n c l u s i o n s  t h a t  due t o  r a d i a t i v e  e f f e c t s  t h e  energy  changes 
by a n  amount 
= - 
2 2 
r a d  ( l + & h / P . )  < , 
I? 
T h i s  i s ,  h a p p i l y ,  i n  a c c o r d  w i t h  o n e ' s  i n t u i t i o n s ;  -2  
P 5 ~  
i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  of maximum f i e l d  encoun te red  
on t h e  o r b i t .  The p a r t i c l e  f e e l s  t h i s  ampl i tude  f o r  a  t ime 
of o r d e r  5 . Thus, t h e  "power" i s  2 r o p o r t i o n a l  t o  
P  
-1 py25p-2 and t h e  t o t a l  l o s s  t o  py2<  . 
P 
The energy g a i n e d  i n  t h e  ou tgo ing  o r b i t  due t o  r a d i a t i v e  
pumping can b e  shown t o  b e  
) o u t  i./3 - n / 2  - h2/g2 8 - 1/61] , ( 9  8) 
and u n l e s s  h  i s  q u i t e  s m a l l  (h < 0 . 6  f  ) l o s s e s  dominate o v e r  
w 0 
g a i n s  on t h e  e x i t  o r b i t .  For  t h e  complete o r b i t ,  g a i n s  on 
t h e  e x i t  b a l a n c e  o n l y  a b o u t  t h r e e  p e r c e n t  of  t h e  l o s s e s  on 
t h e  e n t r a n c e  o r b i t  even i n  the most f a v o r a b l e  c a s e  when h = 0 .  
The radiative changes i n<y )mus t ,  of course, be added to t h e  
changes i ngy )  due t o  t h e  independent  e f f e c t s  due %o t h e  
v a r i a t i o n  i n  R and phase locking.  
The o r b i t  i s  g r e a t l y  modified i f  t h e  p a r t i c l e  l o s e s  a  
s i g n i f i c a n t  f r a c t i o n  of i t s  energy i n  one passage.  The 
condi t ion  f o r  t h i s  i s  
1 
which f o r  t h e  Crab (p * 5 )  happens f o r  y > - f 1'2 i n  t h e  
- 4  0 
extreme case  h  = 0. This impl ies  t h a t  e l e c t r o n s  from i n f i n i t y ,  
r e g a r d l e s s  of energy,  cannot g e t  c l o s e r  t o  t h e  s t a r  than t h e  
p e r i a s t r o n  d i s t a n c e  corresponding t o  t h i s  c r i t i c a l  energy,  about  4 fo' , 
1 4  
o r  i n  phys i ca l  u n i t s  about 1 0  cm. 
a) S v m a r y  
Two important  parameters appear i n  the theory developed he re .  
e B  The f i r s t ,  v = - i s  a  measure of t h e  s t r e n g t h  of  an e l e c t r o -  
m cM 
magnetic wave i n  terms of i t s  a b i l i t y  t o  a c c e l e r a t e  p a r t i c l e s  of  
a  g iven e/m. I n  t h e  u sua l  model of wave p a r t i c l e  i n t e r a c t i o n s ,  
v i s  i m p l i c i t l y  assumed t o  be very smal l  a s  indeed it must be 
f o r  any known p a r t i c l e s  i n  any p l a u s i b l e  thermal  r a d i a t i o n .  I n  
t h i s  u sua l  weak case  a  p a r t i c l e  i n i t i a l l y  a t  r e s t  i s  n o t  a c c e l e r a t e d  
i n  t h e  d i r e c t i o n  o f  t h e  wave; i t  absorbs  energy from t h e  wave and 
o s c i l l a t e s  n o n - r e l a t i v i s t i c a l l y  about i t s  o r i g i n a l  p o s i t i o n .  A s  
a  consequence it r a d i a t e s  a t  t h e  d r i v i n g  frequency,  M .   his is  
o rd ina ry  e l e c t r o n  s c a t t e r i n g .  I f  t h e  p a r t i c l e  was r e l a t i v i s t i c  
t o  begin wi th ,  then i n  t he  u s u a l l y  s t u d i e d  weak case ,  it o s c i l l a t e s  
about i t s  i n i t i a l  r e c t i l i n e a r  motion and a s  a  consequence emi t s  what 
i s  o f t e n  c a l l e d  " inve r se  Compton" r a d i a t i o n  a t  f r equenc ie s  of o r d e r  
y2M 0 
I n  t h e  case  of  a s t r o n g  wave (v  >> l ) ,  t h e  p a r t i c l e  motion has a  
fundamentally d i f f e r e n t  cha rac t e r .  I n  any chosen frame, t he  p a r t i c l e  
w i l l  become r e l a t i v i s t i c  a t  some phase of i t s  p e r i o d i c  motion. I n  
t h e  frame i n  which the  average v e l o c i t y  van ishes  ( t h e n g u i d i n g  
c e n t e r "  v e l o c i t y  i s  zero)  t h e  o r b i t  i s  a  f igure-8  desc r ibed  by 
equa t ion  (11) ; i n  t h i s  frame t h e  average energy i s  of o rde r  v, 
P a r t i c l e s  a c c e l e r a t e d  from rest reach ene rg i e s  ( y )  of  o rde r  v 2 
2 
and t r a v e l  in one cyc le  a d i s t a n c e  of o r d e r  v t i m e s  the wavelength 
o f  the r a d i a t i o n ,  [eq, (14) I in the wave propagat ion d i r e c t i o n ,  
It is clear tha t  i n  this regime (v  > >  I) fmilliar concepts l i k e  t h e  
plasma frequency have no i m e d i a t e  s i g n i f i c a n c e  ( see  NPI), 
38 
Inc lus ion  s f  the r a d i a t i v e  r e a c t i o n  produces a s l e w  runaway 
s o l u t i o n  (whose c h a r a c t e r  i s  fundamenta l ly  un l ike  t h e  c l a s s i c a l  
spur ious  runaway s o l u t i o n s )  i n  which t h e  energy of t h e  p a r t i c l e s  
grows a s  t1l3 leq. (36) 1, motion t r a n s v e r s e  t o  t h e  wave decays a s  
t-1/3t and t h e  r a d i a t e d  power decreases  a s  t - 2 / 3 e  This  p rocess  of  
" r a d i a t i v e  pumping" i s  probably t o o  slow t o  be of any i n t e r e s t  i n  
l i k e l y  a s t r o p h y s i c a l  s i t u a t i o n s .  
4 2  3 5  The second impor tan t  parameter ,  E: = (e B /3m c  a )  measures 
t h e  s i g n i f i c a n c e  of r a d i a t i v e  l o s s e s ,  t h e  average power emi t t ed  
by an i s o t r o p i c a l l y  d i s t r i b u t e d  c o l l e c t i o n  of p a r t i c l e s  wi th  energy 
2 2 y being about  E y (mc ) p e r  p a r t i c l e  [ E ~ .  ( 4 0 )  1. 
The power ou tpu t  has t h e  same dependence on p a r t i c l e  energy and 
f i e l d  d e n s i t y  a s  both  i n v e r s e  Compton and synchrotron r a d i a t i o n .  
The r a d i a t i o n ,  which w i l l  be d i scussed  i n  d e t a i l  subsequent ly ,  
becomes i n v e r s e  Compton f o r  v << 1, b u t  i n  t h e  more i n t e r e s t i n g  
strong-wave case  (v  >> 1) , t h i s  non- l inear  i n v e r s e  Compton ("NIC") 
r a d i a t i o n  i s  q u a l i t a t i v e l y  d i f f e r e n t  from e i t h e r  of t h e  u s u a l  
high-energy processes .  I n  terms of t o t a l  r a d i a t e d  power and 
peak frequency a s  a  func t ion  of B and y N I C  r a d i a t i o n  i s  
similar t o  synchro t ron  emission.  For p a r t i c l e s  i n j e c t e d  a t  rest 
-15 B2 i n t o  a  s t r o n g  wave t h e  power r a d i a t e d  i s  simply 1 . 6  x  LO rms 
e r g  s e c  p e r  p a r t i c l e .  I n  more a s t r o p h y s i c a l  u n i t s ,  t h i s  come 
8 2 t o  5 x 1 0  B r m s  s o l a r  l u m i n o s i t i e s  p e r  s o l a r  mass i n j e c t e d  
a t  rest i n t o  a  s t r o n g  e lec t romagnet ic  f i e l d ,  This  r e s u l t ,  l i k e  
a l l  those  presen ted  i n  t h i s  paper ,  i s  dependent on t h e  assumption 
s f  independent test p a r t i c l e s  and as such is meaningless if t h e  
lrssninosity of t h e  r a d i a t i n g  particles becomes comparable to the 
power i n  t h e  underlying low-frequency r a d i a t i o n  f i e l d ;  t h e  p a r t i c l e s  
a c t  as c a t a l y s t s ,  t r a n s f s m i n g  very low-frequency waves t o  r a d i o  
o r  higher frequency o u t p u t ,  
The t r e a t m e n t  of  s p h e r i c a l  waves i n t r o d u c e s  many new f a c e t s ,  
some due t o  t h e  geometry and o t h e r s  t o  t h e  dependence o f  f i e l d  
ampl i tude  on r a d i u s .  The phase  averaged energy  (y) i s  found t o  
be a  c o n s t a n t  f o r  a  p a r t i c l e  i n j e c t e d  f a r  from t h e  r a d i a t i n g  s o u r c e s  
and t h e  p a r t i c l e ' s  g u i d i n g  c e n t e r  moves a s  a  c l a s s i c a l  p a r t i c l e  i n  
a  r e p u l s i v e  r - 3  f o r c e  f i e l d .  I t  f o l l o w s  t h a t  t h e  a n g u l a r  momentum 
o f  t h e  g u i d i n g  c e n t e r  motion i s  conserved.  An o r b i t  i s  c h a r a c t e r i z e d  
by (y) and an a n g u l a r  momentum paramete r  !t : (1/2 f o  2 1/2 2 + h )  
where h  i s  t h e  normal ized  g u i d i n g  c e n t e r  a n g u l a r  momentum and 
f o  measures t h e  s t r e n g t h  of  t h e  s p h e r i c a l  wave f i e l d .  I f  
(Y) > R 1/2 t h e  p a r t i c l e  on i t s  e x i t  branch f i n d s  i t s e l f  t r a v e l i n g  
n e a r l y  r a d i a l l y  a t  a  v e l o c i t y  s u f f i c i e n t l y  n e a r  c  t h a t  i t  
" l o c k s  phase" w i t h  t h e  d r i v i n g  wave. T h i s  causes  p a r t i c l e s  w i t h  
s l i g h t l y  d i f f e r e n t  i n i t i a l  o r b i t s  t o  undergo an e s s e n t i a l l y  random 
r e d i s t r i b u t i o n  of energy abou t  t h e  v a l u e  (y). A d i p o l a r  ( o r  
h i g h e r  m u l t i p o l a r )  p a t t e r n  i n  t h e  d r i v i n g  r a d i a t i o n  f i e l d  produces  
much t h e  same e f f e c t .  The a c c e l e r a t i o n  o f  p a r t i c l e s  from rest  
i s  found t o  i n v o l v e  two r a t h e r  d i s t i n c t  regimes .  For  i n i t i a l  
r a d i i  s a t i s f y i n g  ro < rc - c  Qo -' 2 / 3  w e  f i n d  t h e  p a r t i c l e  f o  
i s  phase-locked th roughou t  t h e  p a r t  o f  i t s  f l i g h t  i n  which i t  
i n t e r a c t s  s i g n i f i c a n t l y  w i t h  t h e  wave and,  on e x i t ,  y = f 2 /3  
0 
independent  of  ro (ro < rC) thus r e c o v e r i n g  t h e  r e s u l t  of NPI. 
For particles injected at r > r 
- c ("c = 3 x loL5 cm f o r  the Crab 
pulsar), at least one g y r a t i o n  is completed and y = f o 2 ( c / R r o )  2 
whish i s  l e s s  t h a n  they would r ece ive  i f  i n j e c t e d  close t o  t h e  
s t a r  and approximately t h e  energy they would reach i f  t h e  s p h e r i c a l  
wave a t  i n j e c t i o n  were treated as a  l o c a l  p i ece  of a p lane  wave, 
"Radia t ive  pumping" i s  never important  i n  a  s p h e r i c a l  wave s i n c e  
t h e  ga ins  on t h e  outgoing branch of an o r b i t  a r e  always g r e a t l y  
exceeded by t h e  l o s s e s  on t h e  incoming branch. 
b )  Appl ica t ions  
Deta i led  a p p l i c a t i o n  of t h e s e  r e s u l t s  w i l l  be made elsewhere 
b u t  two of t h e  most i n t e r e s t i n g  p o s s i b i l i t i e s  w i l l  be mentioned 
here .  
I n  t h e  In t roduc t ion  w e  noted t h a t  r o t a t i n g  magnetic neutron 
s t a r s  a r e  good cand ida t e  o b j e c t s  f o r  t h e  p u l s a r s .  I n  NP 111 we 
argued b r i e f l y  t h a t  c o l l e c t i o n s  of t h e s e  o b j e c t s  i n  t h e i r  a s s o c i a t e d  
nebulae would have some of t h e  p r o p e r t i e s  of t h e  e x t r a g a l a c t i c  
p o i n t  sources .  Morrison (1969) and Fowler (1970) have suggested 
t h a t  s i n g l e  , very massive,  r o t a t i n g  magnetic o b j e c t s  power t h e  
e x t r a g a l a c t i c  sources  and r e c e n t l y  Bardeen (1970) and Wagoner ( 1 9 6 9 )  
have shown t h a t  a s  much a s  40 p e r c e n t  of t h e  r e s t  mass energy can 
be l i b e r a t e d  by r o t a t i n g ,  h i g h l y - r e l a t i v i s t i c ,  s lowly c o l l a p s i n g  
d i s c s  ( t h i s  i s  about 1 0  t i m e s  t h e  amount of energy t h a t  can be 
l i b e r a t e d  from non- ro ta t ing  c o n f i g u r a t i o n s ) ,  
I t  appears  now t h a t  such r o t a t i n g  magnetic o b j e c t s  e i t h e r  s i n g l y  
l i k e  t h e  Crab p u l s a r ,  l i k e  a  conce r t  of such o b j e c t s ,  o r  l i k e  a  
"super-pulsar"  can: a )  provide an energy i n p u t  t o  t h e  surrounding 
medium v i a  t h e  emiss ion of %ow-frequency e lec t romagnet ic  waves; 
b j  accelerate particles t o  very h i g h  energies in t h e s e  waves; and 
e) provide t h e  f i e l d  (the waves themselves j i n  which t h e  f a s t  
par t i s l e s  can produce synchrotron-like con t inuum radiation, These 
- p ~ o p e r t i e s  -- are essential prerequisites f o r  the sources i n  a large 
c l a s s  of astronomicak o b j e c t s , T h e  r e s u l t s  f o r  t h e  Crab Nebula a r e  
q u a n t i t a t i v e l y  r e a s s u r i n g ;  t h e  ampl i tude  of  t h e  waves a t  t h e  edge 
of  t h e  Nebula i s  abou t  l o m 4  g a u s s ,  i f  t h e  p r e v i o u s l y  d e r i v e d  n e u t r o n  
s t a r  f i e l d  (Gunn and O s t r i k e r  1969) i s  c o r r e c t .  T h i s  i s  e s s e n t i a l l y  
t h e  f i e l d  v a l u e  o b t a i n e d  from o t h e r  arguments  ( c f .  S c a r g l e  1968) ; 
-
t h e  s y n c h r o t r o n  spect rum o f  t h e  Crab can  be unders tood on t h e  b a s i s  
of  t h e  mechanism and w i l l  be c o n s i d e r e d  i n  d e t a i l  i n  a  l a t e r  p a p e r .  
The o t h e r  immediate a p p l i c a t i o n  o f  t h e  r e s u l t s  concerns  t h e  
o r i g i n  of  cosmic r a y s .  E a r l i e r  w e  (Gunn and O s t r i k e r  1969) s u g g e s t e d  
t h a t  t h e  high-energy t a i l  of  t h e  cosmic r a y  d i s t r i b u t i o n  may be 
i o n s  a c c e l e r a t e d  from t h e  wave zone (r < rC) of  p u l s a r s  v i a  t h e  
mechanism which w e  have r e d e r i v e d  i n  § V o f  t h i s  paper .  Although 
p u l s a r s  a r e  e n e r g e t i c a l l y  c a p a b l e  of  p roduc ing  a l l  t h e  cosmic r a y s ,  
they  a s s u r e d l y  do n o t  make them by t h i s  p r o c e s s ,  because ,  a s  w e  
have p o i n t e d  o u t  e l sewhere  ( O s t r i k e r  1969 ) moderate energy (-- G e V )  
p a r t i c l e s  c a n n o t  be  made i n  t h i s  way and t h e  composi t ion  of  
p a r t i c l e s  o r i g i n a t i n g  on t h e  s u r f a c e  of  n e u t r o n  s t a r s ,  w h i l e  
e n t i r e l y  c o n j e c t u r a l ,  i s  most u n l i k e l y  t o  resemble t h e  common 
d i s t r i b u t i o n  found i n  cosmic r a y s .  W e  a l s o  p o i n t e d  o u t  i n  t h e  
e a r l i e r  work t h a t  u n l e s s  t h e  e s t i m a t e s  used f o r  p a r t i c l e  i n j e c t i o n  
r a t e s  were e n t i r e l y  wrong [ t h e s e  were a d a p t e d  from t h e  work o f  
Goldre ich  and J u l i a n  (P969)], t h e  waves were n o t  Likely  t o  be 
s a t u r a t e d  w i t h  p a r t i c l e s  n e a r  t h e  s o u r c e ,  Thus they  w i l l  r e a c h  
the debr is  i n  the supernova remnant with t h e  wave energy density 
diluted mainly by the geometrical i n v e r s e  square  f a c to r ,  W e  have 
s e e n  i n  t h i s  paper t h a t  s u c h  waves are s t i l l  capable of a c c e l e r a t i n g  
ions i n  t h e  nebula  provided t h a t  ZeB/Am R i s  large t h e r e ,  T h i s  
P 
c o n d i t i o n  i s  s a t i s f i e d  e a r l y  i n  t h e  l i f e  a supernova remnant 
c o n t a i n i n g  a p u l s a r .  Using pa ramete r s  a p p r o p r i a t e  t o  t h e  Crab,  w e  
show e l sewhere  t h a t  i o n s  would have been a c c e l e r a t e d  t o  r e l a t i v i s t i c  
e n e r g i e s  f o r  abou t  t h e  f i r s t  5 y e a r s  a f t e r  t h e  e x p l o s i o n ,  d u r i n g  
which t i m e  t h e  p u l s a r  l o s e s  -- l o 4 *  e r g s  of  k i n e t i c  energy.  Thus 
cosmic r a y s  can be  produced i n  s i t u  from t h e  h i g h l y  evo lved  n u c l e a r  
m a t e r i a l  i n  t h e  remnant.  I t  i s  i n t e r e s t i n g  t o  n o t e  i n  t h i s  con- 
n e c t i o n  t h a t  t h e  helium-to-hydrogen r a t i o  i n  cosmic r a y s  i s  h i g h  
(both  a s  observed and a s  i n f e r r e d  a t  t h e  " s o u r c e " )  j u s t  a s  i t  i s  
i n  t h e  Crab Nebula. 
Using t h e  t h e o r y  developed i n  t h i s  p a p e r ,  w e  w i l l  r e t u r n  a t  
a l a t e r  d a t e  t o  examine t h e  p o s s i b i l i t y  t h a t  t h e  bu lk  of t h e  
g a l a c t i c  cosmic r a y s  a r e  produced by wave a c c e l e r a t i o n  i n  supernova 
remnants .  
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Figure 1: Schematic of the guiding center orbit near 
p e r i a s t r o n  for a r b i t r a r y  i n i t i a l  eondikions, 
identifying the angles used in the text. The 
vector is the tangent to the orbit at periastron. 

